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ML Theory — Homework 1

your Neldl here

Version (1

Imstructions, (Different from homework 0. )

-

-

E'\'I.'I‘!.'I.I'IH' must subanit an individual write- up.

You may discuss with up to 3 other people. State thelr NetlDs clearly on the first page. Outside of
offiee howrs, you should ot discags with anyvone but these three

Homework is due Wednesday, October 10, at 3:00pm: noe late omework accepted.

Please consider using the provided ITEX file as a template.

ML Theory — Homework 1

your Nelfl} here

Version 1

Instructions, (Different from homework 0.)
- E\'L'l"_\'uah' must sulandt an individual Write-up.

« You may discuss with up to 3 other people. State their NetIDs clearly on the first page. Outside of
office hours, you should not discuss with anyvone but these three

o Homework = due Wednesday, October 10, at 3:00pm: no late homewok aocepted.

o Please conslder using the provided BIEX file as a teraplate.
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4. | Branching programs and declsion trees.)

Recall the discussion from the end of Lecture 5, regarding the size of fiz) == L5 o with x £ Jil:l. Ly
when I.!'!plf":u:ntl’."d ag a deckion tree and & ]:ll.'ill.'ll.:]lil]p,’ JEIREIR T A 11[‘:Lhtﬂli|!|.: P af akae O
provicded.

1 was

This question will prove that any decision tree needs size at least 27 In this question, the predicates
computed by internal nodes ave decision stumps. meaning they have the form 1z = 4] where
ie{l... ..rf]- and b e R

[a) As discussed in elass, the leaves of the tee foom apartition of the input space (in this ease {0, 1}17).

Each leaf can therefore e associate with a steing & of length d, where 5; € {i), =1, +1,+} means
that [nputs reaching this node nespectively have nothing. -1, 410 or £1 in coovdinate 2.

Prove that given any leaf, its associated string has at least d — poentries equal to +, where p s the
numbser of internal nodes (predicates) along the moot-to-leal path for this leaf.

(b) Use the preceding part to prove that any decislon tree with strictly less than 279 internal nodes
nst fall to represent [ {that = it is ineoreeet on at least one input string = < {0, 1}4).

Solution.

| Yovier sedution here, |

4. [ Branching programs sid declsion trees.)

Recall the discussion from the end of Lecture 5, regarding the size of fiz) == L5 o with » £ éﬁl. L}
when Lt‘:plf":u:mmi a adecksion tree and & 1:L':Ll1tﬂli|]p,’ PGE TR A ]JI.':ml:JIinp; JERETORET af akze O
provided.

| was

Thiz question will prove that any decision tree needs size at least 27, T this question, the predicates
computed b internal nodes ave decksion stumps. meaning they bave the form 1r; = 4] where
ie{l... ..II]- amd b= R,

[a) As discussed in elass, the leaves of the tree form o partition of the input space (in this ease {0, 117).
Each leaf can thevefore be associate with a steing s of length d, wheve s; € {i), =1 41, +} means
that inputs reaching this node respectively have nothing. -1, +1. or £1 in ceordinate 2.

Prove that given any leaf, its associated string has at least d — poentries egqual to «, where p s the
mumber of internal nodes {predicates) along the root-to-leal path for this leaf.

(b)) Use the preceding part to prove that any decision tree with strictly less than 29 — 1 nternal nodes
mst Bl to represent £ (that iz it is ineoreect on at least one input steing = < {0, 130

Solution.

{ Your selution here, |
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G | Mew problem appearing before October 1.) i [Monomials and uniform approximation via derbvatives.)

This prollem will provide an approach to uniform approsdmation that avelds Stone-Welerstraas; do
not e Stone-YWelerstrass of Welerstrass or anything similar in any step of the proof!

The problem will consider only the univariate case, but essentially the same proof works in the

Solution. mtltivariate case {as discussed at the end).
{ Your selution here. ) For convenience, for any activation &, define G, = span{M, ). Here are sore wseful analysls faets for
this problem:

& Continuous functions are uniformly continuous on compaet sets.

& To zay a function [ s € means all devivatives exist (and ave continwous), I o & O, then o s
every f € Ga.

Throughout this problem, suppose @ 8 & and #/™ 2 0, meaning the o™ derlvative iz ot identically
the zero function for every nonnegative integer n.

[a) (Closed under a single devivative) Let [ € G, and any w € B and any ¢ = 0 be given, and
define filz) ‘= f' (we) (the mapping £ — #acf(£2)|r=w]. Prove that there exists g € G- so that
V= gl = e
Hint. Consider the definition of &far fira)|, - in torms of limits, amd see how it interacts with an
exact (integral remalnder) Tavlor expansion. Via the analysls facts above, you can conveniently
bound the remainder term. Use this to construct an appropriate g € G, and prove that it works.

(b (Closed wnder derivatives. ) For every real w £ B and positive lnteger o, define
By l) 2= 2 e ™ ier) = & joeno(re )] mp-

Show that for any (uw, ¢, n), there exists g € G, with [[g —h, .|| < €
Hint. Combise the previous part with an ndeetion on s amd some caveful reasoning about
approximations. Be wary of clreulavity. ..

(&) (Monomials.) Prove that for any positive integer noand veal € = 0. there exdsts g € G so that
lg = polly = & where g, (x) = 2"
Hint. Use the previous part, and double check the conditions on o, .

Now that we have monomiala, we can wse the Welerstrass Theovem (whicl has a simple constructive
proaf). Also. the proof above goes through no problem in the pultivarlate cose {now wse o — o, 2],
amil take different partial devivatives to get various monomials).

Solution.

{ Your selution here, |
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T. |Mew problem appearing before October 1.) T. [WhyT)

Yo recedve full credit for this question so long as you write at least one sentence for each answer. Please
b homest and feel free to be critleal.

Solution. [a) Why are vou taking this class? What do you expect from it?

{ Yo solution here. ) (b What do vou expect to gain (eg.. b vesearch, work., life) by knowing ML Theory?

{e) Do vou have any feedback about the class. lectures, or instructor?

Solution.

{ Vour sofution here. |




